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One-dimensional, nonlinear, shallow-water wave equations are derived from two-
dimensional Boussinesq equations to investigate resonant reflections due to corru-
gated boundaries. Small, but short-wave undulations are introduced through water
depth and channel width. Coupled nonlinear equations for the transmitted and
reflected wave fields are derived and solved numerically. In the simple case where
undulations are zero (the reflection is also zero), the governing equations are used
to study the propagation of permanent shallow-water waves (cnoidal waves) and to
examine the generation of higher harmonics in shallow-water waves. The present
numerical results show that the nonlinear effects are very important in considering
the resonant reflection of cnoidal waves from a rippled bed.

1. Introduction

The interaction between seabed topography and ocean waves is of considerable
interest to coastal engineers. Certain topographies are capable of reflecting a significant
amount of wave energy and, therefore, protecting the beach. Recently, the resonant
reflection of water waves from periodic sandbars has been studied experimentally
and theoretically by many researchers (e.g. Davies 1982; Davies & Heathershaw
1984 ; Mitra & Greenberg 1984; Mei 1985; Kirby 19864, b; Vengayil 1986). Based on
a linear wave theory, the reflected waves can be resonated by periodic sandbars if
the wavelength of seabed undulations is one-half of that of the incident waves. Liu
(1987) showed that resonant reflection also occurs in a long channel with an
undulating width. Since water waves tend to become nonlinear in shallow coastal
water, a nonlinear shallow-water theory describing the resonant interaction between
waves and corrugated boundaries is wanting.

Lau & Barcilon (1972) studied the resonant reflection from a patch of periodic
sandbars in shallow water. Coupled nonlinear equations were derived for the
transmitted and the reflected waves. Since only the first two harmonics are included,
their theory cannot be used to describe the reflection of cnoidal waves.

In this paper, we derive a set of coupled, nonlinear, shallow-water wave equations
describing wave propagation in a long channel with corrugated boundaries. The
boundary undulations are introduced through either a rippled topography or the
short-wave variation in channel banks. Only the near-resonance case, where the
incident wavenumber meets the Bragg condition either exactly or nearly, is studied.
A numerical scheme is developed to integrate the simultaneous nonlinear differential
equations; analytical solutions are obtained only for the linear problem. Two types
of incident waves, a modulated wavetrain and a cnoidal wave, are studied.

In verifying the accuracy of the numerical scheme used in this paper, we examine
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the harmonic-generation problems in a long shallow-wave channel with a constant
depth. Our numerical solutions, including five harmonics, agree well with experi-
mental data (Goda 1967). We also demonstrate that the present approach and
computing scheme can accurately simulate a cnoidal wave propagating in a constant
water depth.

In studying the resonant reflection of a modulated wavetrain from a rippled bed,
we demonstrate that Lau & Barcilon’s (1972) numerical results do not satisfy the law
of energy conservation. Our results, including either two or five harmonics, give larger
reflection coefficients than those predicted by Lau & Barcilon. Numerical results for
the resonant reflection of cnoidal waves are also presented. Five harmonics are used
in computations.

In the following section, using the Boussinesq equations, we derive a set of
two-dimensional wave equations for the Fourier components of the free-surface
displacement. In §3, the wave equations are reduced to one-dimensional equations
in a long channel; the effects of depth and width undulations are included. Analytical
solutions are obtained for linear problems. Numerical solutions for the resonant
reflection of a modulated wavetrain as well as a cnoidal wavetrain are presented in
§4. The inclusion of energy dissipation terms in the governing equations is discussed
in Appendix.

2. Derivation of shallow-wave evolution equation

The Boussinesq equations, which describe weakly nonlinear, dispersive shallow-
water waves, are used in the present study. Using o’ as the characteristic frequency,
a, as the characteristic wave amplitude and h, as the characteristic water depth, the
dimensionless form of the Boussinesq equations can be expressed as (e.g. see Peregrine

1972)

%+v'[(h+€€) u] = O(e?, eu?, u*), (2.1)
ou 0 0
Sk e Vut V= 2 = VIV ()] —J 5 V(V-u) -+ O(e ot ), (22)
a, w’2h,
where e=—2<1, p=—21<«1. (2.3a, b)
ho g

¢ is the free-surface displacement, and u represents the depth-averaged horizontal
velocity vector. In (2.1) and (2.2) V denotes the two-dimensional gradient vector. The
small parameters ¢ and u2, representing the nonlinearity and dispersion respectively,
are assumed to be of the same order of magnitude. However, solutions obtained from
(2.1) and (2.2) are still valid for cases where these two parameters are not of the same
order of magnitude (Peregrine 1972).
Consider the total depth, z = —k(x, y), as the sum of a local mean depth k(z, y) and
a undulation A(z, y); i.e. B
h(z,y) = h(z,y)+h(z, y). (2.4)

In the present study, we assume that the amplitude of the topographical undulations
is small in comparison with the local mean depth and that the variation of the total
depth within the characteristic wavelength is small, i.e.

h~0(1), k~O@, }
IVR| ~ O(u?), VAl ~ O

2.5)
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By using the above assumptions, the momentum equation (2.2) can be reduced to

ou

3 +eu'Vu+ V¢ = %Mﬁ’v<V'%—I:>+O(ez,ep”,p4). (2.6)

Assuming periodic motion in time, the free-surface displacement and the velocity
vector can be expressed as Fourier series:

Uz, y,t) =3 &z, y) e, n=0,41,42,..., (2.7a)
n

u(x,y,t) =é§ Upz,y)e ™, n=0,+1,+2,..., (2.7b)

where ({_,, U_,) are the complex conjugates of ({,, U,,). Substituting (2.7) into (2.1)
and (2.6), and collecting the different Fourier components, we have

—ing, +V*(hU,)+3e Z V(5 U,_,) = O(€?, eu, p%), (2.8)

—inU, +1 3 U,"VU,_,+ V¢, = —inku®h*V(V- U,)+ O(e?,eu®, u*),  (2.9)
8

where s=0,+1,+2,.... From (2.8) and (2.9), we find the following simple
relationships:

VU, = i"z§"+0(e), (2.10)

U, = —%V§"+O(e), (2.11)

for n % 0, and U, = —2—‘% 5§ U +0(e), (2.12)
b= U, U +0() (2.13)

Combining (2.8) and (2.9) and using (2.4), (2.10) and (2.11), we obtain

(et i3 VG, + V(R4 )0, 400, —e T {TrrT b~ gt e K]

s=o L 2h 2(n—s) dx Oz
. 2 o2 b | [ 2.14
—0<e,ep,p,e@>. (2.14)

The zeroth components (U,, ;) have been excluded from the nonlinear terms in the
above equation, since the zeroth components are O(¢). From (2.14), the leading-order
equation gives \
n
Vi, = =8, +0(). (2.15)
Substituting (2.15) into (2.14) and assuming that the primary wave propagation
direction is +x, we have

EV’€»+V<E+5>-V§,,+’*”<1‘%wznﬁ) -

ey {#=2 n+s %ag,,_,}_ o
685"{ 2‘5 gegn—a 2(n_s) dxr ox = 0(6 , €U, 1 ), (216)
8%0
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o¢, 0%, .
P ~ O(p), W ~ O(u?), (2.17a, b)

are assumed. Equation (2.16) is a set of nonlinear partial differential equations
describing the combined refraction and diffraction of two-dimensional shallow-water
waves. These partial differential equations are of the elliptical type and can be solved,
in principle, with appropriate boundary conditions as a set of coupled boundary-value
problems. For the case where the undulation is zero, £ = 0 (2.16) can be reduced to
the equation derived by Liu, Yoon & Kirby (1985). On the other hand if the depth
is a constant, & = 1.0 and £ = 0, (2.16) is the same as that derived by Rogers & Mei
(1978).

where

3. Near-resonant reflection in a long channel

3.1. Governing equations
If the mean depth % and the short-wave undulation % vary only in the z-direction,
(2.16) becomes

d(&+£) 0 k -
AN o F ),

ey ®F nts %%}_ 2 gyt

GSEO{ gsgn -8 2(n—s) dr Ox - 0(6 Y ) (31)
Skn

For a long channel of width much less than the longitudinal lengthscale, (2.17a, b)

remain valid. Let b(x) be the width of the channel. If y = b,(x) and b,(x) describe the

configuration of the channel banks, then b(x) = b,(x) —b,(z). The no-flux boundary

condition along the channel banks requires

d
U,,El;l— V, =0 alongy = byx), (3.2)

where j =1 and 2, and (U,, V,) are the components of the velocity vector U,.
Assuming that O(db;/dx) is small and using (2.11), the lateral boundary condition

becomes o b, oL
on_7)__on 4
0x 0r Oy 0w

Integrating (3.1) over the channel width, and applying Leibniz’ rule and the lateral
boundary condition (3.3), we have

RV, +

along y = by(x); j=1,2. (3.3)

h§€;+{d (h+ﬁ)+“d (b+5)}d€"+n2<l—%+3,u2n2h)§n
nt—s? n+s df,d¢, | \
_es}*:o{ 2h Sobns T 2(n—s) dz dx }—O(G’,Gﬂ %), (3.4)

8¥n
where the total channel width b(x) has been decomposed into two parts, a slowly

varying local mean width b(z), and a fast undulating part 6(x) which satisfy the
following assumptions:

b = b(x) +b(x), (3.5)
b~ 0(), b~ Ow?), }
db 5 db . (3.6)
a3~ ow), 3o~ oW
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The total wave field can be separated into transmitted and reflected waves; i.e.

L= L+t 37

Here the superscripts + and — denote the transmitted and the reflected waves
respectively. The lowest-order terms in (3.4) provide the following simple
relationship:

&

2= 3385 +0). (3.8)

Substituting (3.8) into the nonlinear terms of (3.4), we have
Bt g S m b)) e+

+n2(1—%+%#2n’h) G855 B {nlnto) (€ Gt G G

8%n

—(n?+4s2—4ns) & §,‘f_s} = O(€?, eu?, put). (3.9)
The leading-order equation (3.8) suggests a solution of the following form:
1
¢t = Vi) exp[iin J‘%—-gdz], (3.10)

where ¥ (x) are the complex wave amplitudes which are slowly varying functions
such that

aw: . dwE
e ~ O(u?), a2 ~ O(u*). (3.11)
The boundary undulations (%, 5) may be expressed as Fourier series:
. i
k= pgog(ﬂp(x)) exp[lpA,, J%;dx] p=+1,+2,..., (3.12a)
] i
b= qu }(B,(x)) exp [1qAb J‘ﬁdx], g=%1,+2,.., (3.12b)

where H () and B,(x) are the amplitudes of the pth and the gth component in depth
and width undulations respectively; 4, and A4, are the characteristic wavenumbers
of the depth undulation and the width undulation respectively. H,(z) and B,(x) are
the slowly varying functions and 4, and A4, are constants.

Substituting (3.10) and (3.12) into (3.9) and collecting exp[+in § (1 /ht)dz] com-
ponents, we obtain a set of coupled evolution equations:

na¥s {1((15é h'db) L2 a} + +
P Te\a T @) ity s +4h,§:(n+")w
8

+4i¥Y, {(n—pA,,)%l’- exp[—i(2n—pA,,) J%{dx]

_qAb%‘l expl:—i(2n—qAb) J‘%{dz]} = O(e?, eu?, ), (3.13)
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and

hl

d¥; dnt R ap

—_— 120350 w- _
dz { <dx+b d >+ l"nh}y’" 4h3§o (nt+s) ¥ ¥y
s¥n

-4y} {(n pAh)—2 exp[ (2n—p4,) J.—;dx]
B— 4 1 2 4
—qAb—E‘l exp|i(2n—gAa,) i%dx = 0(e2, eu?, p*). (3.14)
Note that for the nth harmonics, p and ¢ are chosen such that (2n—p4,) and
(2n—qA,) are minimized. This ensures that the last term in (3.13) and (3.14) is a

slowly varying function.
By introducing the following transform:

Pi=AF exp[i‘(}i,uzn3 J.ﬁé dx], (3.15)
(3.13) and (3.14) can be rewritten in terms of A} as

4 | (gﬁ_é R db)
dz " b dr

B A4S 5 (nts) AF AF_, e 0emem

4h .o
s¥n
14— gg —iAf, X Eq —~iAy,, T 2 2 ,4
+1HAy,{(n—pA,) 5 e ne —q4, 5 e = 0(e%, eu®, u*), (3.160)
dA;+l(d_E R db
dz 2

H
—}iA:{(n—pAh)—ﬁE elfnpZ—gA, EB—qe‘AVHaz} O(e?, eu®, ut), (3.16b)

where A, = ‘}‘uzns(n—s)i J%{dx, (3.17a)
11 _

AB,, = o J.—};;(2n—pAh+§p2n3h)dx, (3.17b)
111 298]

AVpg = o z;(2n—qAb+§/1, nh) dx. (3.17¢)

In the above equations Aa,,, denotes a detuning factor which is a phase mismatching
between different harmonics propagating in a same direction. Ag,, and Ay,,
represent detuning factors resulting from the slight deviations in the incident
wavenumbers from the Bragg wavenumber. We remark here that (3.16a and b) are
valid only near resonance such that all the detuning factors are of the magnitude of
O(u?). If the incident waves satisfy the Bragg reflection condition, Af,, and Ay,,
are zero. In this case (3.15) and (3.16) are equivalent to those obtained by Lau &
Barcilon (1972) for a constant cha,nnel width.

If, for simplicity, there is no phase difference between the undulations /& and b,
(3.16a, b) become

. dA7 drt R db
5 "+(
dx

+ + A+ —1Aa,,
bdx)A 4h£0("+‘9)‘4"‘4"~”e

8*n

+id;, Anm e 1Bnm® = O(e?, ep?, u?), (3.18)
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_édA; l(dﬁ2 h’ db) _ - elba,z

s¥n

—id} 4, e%am® = O(e?, eu?, p?) (3.19)

where dpm = i{(n—mA)%—mA %ﬂ} (3.20a)
ABpm = i J 71; (2n—mA +3u*nh) da, (3.20b)

and 43, is the complex conjugate of 4,,,,

3.2. Analytical solutions for linear problems

In this section, we consider the linear problems with a simplified geometry where the
mean depth and the mean width are constants; i.e. =1 and b = constant. The
linearized governing equations become

+
d(f'”.}.lA;; Anm e i8bnmT = 0, (321)
Ay 45 As e8hamz = 0, (3.22)

dx

where 4,,,, and Ag,,, are reduced to
1 B,

Anm =Z (n—mA)Hm—mA—E— s (323(1)
Afpm = (2n—mA+3u?nd). (3.23b)

These equations can be viewed as the shallow-water limit of the linear theory
developed by Liu (1987). In the case of a channel with a constant width (B,, = 0),
these equations recover Mei’s (1985) linear theory in the shallow-water limit.

Consider the case where the undulation is confined within a finite region, 0 < x < L,
and the incident wavetrain is arriving from « ~ — 0. There is no reflected wave from
z ~ o0. Equations (3.21) and (3.22) have the following analytic solution:

An(®) _ " s cosh s(L—x)—itAB,,,, sinh s(L —2)
40~ P [=iGABam) 8 cosh sL—i}AB,, sinhsL  ~ (3.24)
Aplx) _ .1 —iAs,, sinhs(L—z)
A:;(O) = exp [l(zA,Bnm) I]s cosh BL_ilg‘Aﬂ”m Snhal’ (3.25)
where 8% = |d, 12— BABum)t, (3.26)

and 4}(0) are the incident wave amplitudes of the nth harmonic at x = 0. The
energy conservation requirement is satisfied by (3.24) and (3.25); i.e.
|45 (2)/ A7 (0) +145(x) [ AZ0)* =

4. Numerical solutions in a channel with a constant width

Since there is no general analytical solution for nonlinear equations (3.18) and
(3.19), a numerical integration scheme must be employed to solve a specific problem.
As a particular set of examples, we consider the shallow-water wavetrain propagating
over a ripple patch in a channel with a constant mean depth and a constant width,
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FicURE 1. Definition sketch.

From (3.18) and (3.19), the governing equations can be reduced to

+
dx"+}ie sEo (n+8)AF A} _ e e +id A, e 8um?T = O(e?), (4.1)
8+n
dA;—lie Y (n+8)A; A, _, eld*ns?—jd}t A2  elBamZ = ((e?) (4.2)
dx 4 540 8 n—§ ne=nm ’ *
8*n

where ABum = 2n—mA +3un3, (4.3a)
Ay = —inH,, +O(e?). (4.3b)

Here O(e?) is the abbreviation for O(e?, eu?, p*). The rippled bed has only one
wavenumber satisfying the Bragg reflection condition associated with the first
harmonic of the incident wavetrain. As shown in figure 1, the water depth is assumed
to be

h = 1—6sin Ax = 1+1i6 (e'1* —e~117), (4.4)

A=2+y2—44,, 4,,=—49,
ABpm =A4pm =0, if|n] + 1,|m|*1,
where the real quantity & represents the O(¢) amplitude of the depth undulations.

4.5)

4.1. Propagation and reflection of a modulated wavetrain

The first example examined here concerns the resonant reflection of a modulated
wavetrain over a rippled bed in an otherwise constant depth. This problem was first
studied by Lau & Barcilon (1972) using two harmonics. Their governing equations
for the transmitted and reflected wave fields are different from (4.1) and (4.2).

To ensure the accuracy of the numerical scheme used for integrating (4.1) and (4.2),
we first obtained numerical solutions for a shallow-water harmonic-generation
problem in a constant depth and compared the numerical solutions with experimental
data by Goda (1967). Since the reflection is absent, the governing equation (4.1)

becomes +

3 %ilie ¥ (n+8)AF A} _, e 1A =, (4.6)
sin

The fourth-order Runge—Kutta method is employed to integrate (4.6) with boundary

conditions 4F(0) =1 and 4}(0) =0 forn + 1.
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Fioure 2. Beat length L; vs. mismatch parameter AS. , theory by Mei & Unliiata (1972);
+ + +, laboratory data from Goda (1967); O OO, numerical result using 2 harmonics; @ @@,
numerical result using 5 harmonics.

Numerical solutions for using two harmonics (n = 2) and five harmonics (n = 5)
are obtained and plotted in figure 2 for the beat length of the second harmonic vs. the
phase mismatch parameter AS. The beat length L; is defined as the distance between
two successive second-harmonic wave crests; the phase mismatch parameter
measures the relative importance of the nonlinearity and the dispersion, i.e.

4ut
AS = 36 - (4.7)
As shown in figure 2, the numerical solutions with two harmonics agree very well with
Mei & Unliiata’s (1972) analytical solutions. In the region of smaller AS (the
nonlinearity becomes more important), numerical solutions with five harmonics yield
better agreement with Goda’s data. As AS becomes even smaller, more harmonics
should be included in the analysis. Indeed, in a related work Bryant (1973) has made
more accurate computations by including 11 harmonies in the coupled equations
derived from the KdV equations. Other related experimental and theoretical work
concerning the higher-harmonic generation in shallow water can be found in
Boczar-Karakiewicz (1972) and Paplinska, Rugeland & Werner (1983).

From the evidence of the previous example, the fourth-order Runge-Kutta method
is a suitable scheme for solving the simultaneous nonlinear ordinary differential
equation (4.6). To include the reflected wave field 4 in the analysis, the scheme must
be modified. Liu & Tsay (1983) developed an iteration scheme te solve the coupled
equations similar to (4.1) and (4.2). They first solved the transmitted wave field, i.e.
A%, in (4.1) by ignoring the reflected wave field entirely. Once the approximated
transmitted wave field is obtained, the reflected wave field is calculated from (4.2)
treating the A} as known quantities. The newly obtained values of A, are used in
(4.1) to find the corrected transmitted wave field. The procedure is repeated until
converged solutions are obtained. Provided that the reflected wave intensity is weak,
Liu & Tsay’s (1983) iteration scheme converges and yields accurate solutions. In the
present study, the reflection is strong because of resonance. The iteration scheme can
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Fieure 3. Transmission intensity |A}]?, reflection intensity |A7|® and integration constant C
{0.4298) of modulated wave from linear theory. € =0, [ = 15.15, § = 0.264 and A}(0) = 1.

still be successful if we increase the amplitude of the topographical undulations
gradually from zero to the desired value during the iterative procedure.

Numerical solutions are obtained for the transmitted and reflected wave fields over
a rippled bed described in figure 1 and (4.4). Focusing on the resonance case, we use
the following parameters, which are equivalent to those used by Lau & Barcilon

1972):
(o) Ay, =0, A70)=1, A;(0)=0 if|n|+1,
4 (4.8)
AS=0.3, 6=3¢ I=—,
3e |
where [ is called the interaction length (Armstrong et al. 1962) in nonlinear optics.
The interaction length is defined as the distance, along the path of the modulating
shallow-water wave in a constant depth, from the point where the second-harmonic-
wave energy intensity is zero to the point where the second-harmonic wave
component has gained about 75%, of the wave energy from the first harmonic. To
compare our solutions with Lau & Barcilon’s (1972) results, we use the following
numerical values of parameters: ¢ = 0.088, then x%=0.0198, & =0.264, and
I = 15.15. The length of the rippled bed L is chosen to be the same as the interaction
distance ! (Lau & Barcilon 1972). As indicated in (4.18), and the starting point of
the rippled bed, x = 0 coincides with the crest of the first harmonic.

To verify the present iterative numerical scheme, we obtained numerical solutions
for the linear problems and compared them to the analytical solutions given in (3.24)
and (3.25). Numerical results coincide with the analytical solutions almost perfectly.
The transmitted and reflected wave intensities over the rippled bed are plotted in
figure 3. The difference between the analytical and numerical results is not visible.
The maximum reflection, which oceurs at the front of the rippled bed, is 0.76. Because
of the conservation of wave energy, the following is true (Lau & Barcilon 1972):

2|42 |45 =C, (4.9)
n n

where C is a constant, which is satisfied by the numerical results shown in figure 4.
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x/L
FiGURE 4. Transmission intensities |4}[2, reflection intensities |4,|* and integration constant C
(0.5079) of modulated wave from nonlinear theory using 2 harmonics. AS =0.3, I = 15.15,
8 =0.264, A7(0) = 1 and A%(0) =0 if n| + 1.

4%, C
1.0

0.8 < / IAl

0.4

0.2

x/L
Fioure 5. Transmission intensities |52, reflection intensities |4,]® and integration constant C
(0.5144) of modulated wave from nonlinear theory using 5 harmonics (see figure 4 for parameters).

Numerical results based on the nonlinear theory are obtained for two cases: two
harmonics and five harmonics. The wave-harmonic intensities for each case are shown
in figures 4 and 5 respectively. If the reflection coefficient R is defined as

T A2\

' R=|-2 , atz=0. (4.10)
T 43
n

the reflection coefficient for both cases is 0.6. The inclusion of higher harmonics does
not affect the reflection coefficient significantly. On the other hand, the reflection
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43, C
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0

Fioure 6. Transmission intensities |A4}[?, reflection intensities | 4,|* and integration constant C by
Lau & Barcilon (1972) (see figure 4 for parameters).

coefficient is over-estimated by the linear theory, which ignores the energy transfer
from the lower harmonics to higher harmonics through nonlinearity.

Lau & Barcilon (1972) studied the same problem, including only two harmonics.
Their numerical solutions showed smaller reflected wave intensities; the reflection
coefficient was 0.46. We discovered, however, that their numerical results do not
satisfy the conservation of energy; their C-value is not a constant over the rippled
bed. For comparison, we have replotted their results in figure 6, using our notation.
As indicated in figures 4 and 5, our numerical solutions give constant C-values for
cases with both two and five harmonics.

The effects of the detuning factor Af,, on the reflection are examined next. Using
€ =0.0881, u* =0.1067, § = 0.2 and L = 10m, we calculated the transmitted and
reflected wave fields for different values of Af,, L. Five harmonics are kept in the
computations. The reflected wave intensities at the beginning point of the rippled
bed (z = 0) are plotted in figure 7. The analytical solutions (3.25) based on the linear
theory are also shown for comparison. The linear theory presents a symmetric curve
with respect to the resonance condition (Ag,, L = 0). The nonlinear solutions are
skewed with the maximum reflection intensity at Ag,, L = 1.75. It is also noticeable
that the nonlinearity reduces not only the maximum reflection but also the range
of AB,, L within which the reflection is significant.

4.2. Reflection of a cnoidal wave

The cnoidal wave, propagating in a constant water depth without changing its shape,
can be expressed in the Fourier series shown in (2.7a). According to Miles (1976) and
Sarpkaya & Isaacson (1981) the amplitude of each harmonic is found to be

Ay =§Zhmrt(1—1")7, n=1,2,..., (4.11)

n =
where A4;, is the amplitude of the nth harmonic, ¥’ is the wavenumber of the first
harmonic, A is the water depth and r is given by the equation

—nK(E)}

= exp {—RW (4.12)
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Il4r

AB L
FicUrE 7. (a) Reflected first-harmonic amplitude |47}, and (b) reflection intensity X, |4,[® of
modulated wave. ——, linear theory; + + +, nonlinear theory using 5 harmonics. ¢ = 0.0881,

#* = 0.1067, 8 = 0.2, L = 10x, 41(0) = 1 and A;(0) = 0 if n| = 1.

Here K is the complete elliptic integral of the first kind, x is the modulus and
k(= (1—x®}) is the complementary modulus. « is uniquely related to wave height
H’, water depth h;, and wavenumber k’, by
Hhy_ 4
(K'hy)? ~ 3m?
All the quantities with a prime are dimensional ones. Introducing the characteristic
wave amplitude a, as

K2K(x). (4.13)

1
a = ():, A;,’)', n=1,2,.., (4.14)
n
we define the normalized wave amplitude 4,, by
4,

A, =R A, =4, (4.15)

-n
0
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Fiaurk 8. (2) Wave amplitude [4}] of a cnoidal wave propagating on a flat bottom from nonlinear
theory using 5 harmonics; —, n=1; — *—, 2; ——— 3; ———=, 4; ~+---" , 5; and (b)
corresponding free-surface displacement { at ¢ = 0.

To demonstrate that the present model can simulate approximately the propagation
of a cnoidal wave, we choose H' = 2 m, hy = 10 m and &’ = 0.3234 rad/s. The other
dimensional parameters are A;=0.7864m, A;=0370m, A;=0.1382m,
Ay =0.0460 m, A; =0.0144 m, a; = 0.8813 m. The corresponding dimensionless
parameters become A, =0.8923, A4,=0.4198 A4,=0.1568, A4,=0.0522,
A, = 0.0163, ¢ = 0.0881, and u® = 0.1067. We have ignored the higher harmonics
(n = 6) whose amplitudes are smaller than 0.55 %, of that of the first harmonic. Using
these parameters as initial conditions, (4.1) is solved numerically for the transmitted
wave field only; i.e. A, = 0. The water depth is constant (A = 1 and § = 0), and the
computations are performed between —6xn < x < 12n. Numerical results for the
free-surface profile and the wave amplitude for each harmonic are shown in figure 8.
If the theory were without approximations, the amplitude distribution for each
harmonic should have been uniform. The variations in our numerical results are,
however, quite small and the free-surface profile appears to remain in the same shape.

To investigate the resonant reflection of cnoidal waves from the rippled bed we
place the rippled bed along 0 < z < 6x. The wavenumber of the ripples satisfies the
Bragg reflection condition associated with the first harmonic of the cnoidal wave (i.e.
A=2+%u* and AB,, =0). Using 6 =0.2, the transmitted and reflected wave
amplitudes and the corresponding free-surface displacement at ¢ = 0 are plotted in
figure 9(a, b, c) respectively. For comparison, linear solutions with ¢ = 0 are also
shown in figure 10 (a—c) although, strictly speaking, a linear theory is not valid in this
case. In the linear case only the first harmonic is affected by the rippled bed
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F16URE 9. (a) Transmitted wave amplitude |4}, (b) reflected wave amplitude |4,] of uniform cnoidal
wave from nonlinear theory using 5 harmonics; =1, — - — 2 ——— B ——— 4 - s
5; and (c) free-surface displacement { at ¢t = 0.

(figure 10a). The nonlinearity, however, transfers a certain amount of wave energy
from the higher harmonics to the first harmonic. As a result, the reflected
first-harmonic wave intensity predicted by the nonlinear theory over the rippled bed
is slightly higher than that suggested by the linear theory.

In front of the rippled bed (x < 0), the linear theory predicts uniform reflected wave
amplitude. The nonlinear theory indicates that the amplitude of the first harmonic
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Ficure 10. (a, b, ¢). As for figure 9 but from linear theory.

decreases as the reflected wave propagates upstream. This is caused by the energy
transfer to higher harmonics. To highlight this point, we have replotted |A]| from
linear and nonlinear theories together in figure 11.

After the cnoidal waves pass the rippled-bed patch, the permanent shape degen-
erates because of the imbalance of energy among harmonics (figure 9c).
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5. Discussion and concluding remarks

In this paper we have studied the propagation of a shallow-water wave in a
constant depth and the resonant reflection from corrugated boundaries.

In deriving the governing equations we neglected energy dissipation. A simple
linear energy-dissipation model can be included in the governing equations and is
given in the Appendix. No attempt has been made to solve the two-dimensional
equation (2.16), which includes refraction and diffraction effects; numerical solutions
of (2.16) are straightforward.

The effects of nonlinearity on the reflection of shallow-water waves have been
investigated for the case of a constant mean depth. Depending on the incident wave
conditions, the nonlinearity affects the reflection in different ways. For the reflection
of cnoidal waves nonlinearity causes stronger reflection of the first-harmonic wave
component over the rippled patch than that predicted by linear theory. As the
reflected waves propagate upstream, the wave intensity of the reflected first-harmonic
waves decreases because of the energy transfer between harmonics. On the other
hand, for the modulated incident wavetrain calculated herein nonlinearity causes
weaker reflection of the first harmonic than that predicted by the linear theory owing
to the partitioning of energy between reflected and transmitted higher harmonics
generated over the rippled patch. These results might be changed for different
boundary conditions at the beginning of the rippled bed.

The combined effects of the detuning factor Ag,; and nonlinearity reduce the
reflection. Linear theory gives a symmetric reflection curve about the Bragg condition
(Af,, = 0), while nonlinear theory predicts a skewed one. Nonlinearity reduces the
maximum value of reflection and shifts the maximum to the positive side of Ag,,.
As reported by Davies (1982), the shifting of the maximum reflection could also be
influenced by the number of ripples on the bed. Owing to the lack of experimental
data in shallow water, we show only the general trends involved in nonlinearity.
Careful experiments would be valuable to confirm the present study.
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Appendix

The Boussinesq equations (2.1) and (2.2) can be modified to include an energy-
dissipation term due to either a laminar viscous boundary layer or turbulent bottom
friction. The momentum equation (2.6) can be rewritten as

%+eu-Vu+V§+wu=§pzﬁzv(v-%—':)+0(ez), (A1)

where w(x,y) is an energy dissipation coefficient and is assumed to be O(e). The
continuity equation remains the same as (2.1).
For the periodic motion in time we propose that

wu=1iY W, U, e71nt, (A2)
n

Substituting (2.7a, b) and (A 2) into (A 1) and collecting Fourier components, we
obtain
—i(n+iW,) U, +3 X U,-VU,_+ V¢, = u*n?h VL, +O0(e?), (A 3)
)

where |VW, | ~ O(e?) are assumed.
Following the same procedure as given in §2, we have

V- (hVL,) + VA VL, + n<n+ iw, —%’hiﬁm’ﬁ) ¢,
+eX 4inV- (& U,_) +3V - (U, VU, )] = O(¢?). (A 4)

Upon ignoring % and terms of the order of 2 and €, and considering only the first
harmonic, we simplify (A 4) and convert the resulting equation into the following
form:

V- (gh'V'E)+ (wi+iw'w)§ = 0. (A 5)

This equation is the shallow-water limit of Booij’s (1981) model. After introducing
the slow scale in the lateral direction (A 4) is rewritten as

ﬁV2€n+V(ﬁ+ﬁ) .v€n+n(n+iwﬂ_'nﬁ_ﬁ+éﬂ2naﬁ) gn

_ ni—st __nte a_§sa§n—s}_.
€ 350 { 2% €8 gn—s 2(n—8) ax az - 0(62)' (A 6)
8*mn

Equation (A 6), instead of (2.16), can be used as a governing equation. The energy
dissipation coefficients for various cases are available from the work of Dalrymple,
Kirby & Hwang (1984).
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